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Abstract
The recent development of attosecond laser pulses provides a direct path to observing the
electronic dynamics of excited molecules. Recently proposed experimental methods require that the measurements be made in the molecular frame, that is, that the molecule is
in a fixed orientation. However, quantum mechanics does not allow this. Here we examine
instead the full dimensional, laboratory frame, time evolving probability distribution generated by resonant excitation of a molecular sample. Quantum dynamics are driven by both
the populations of quantum states and the coherences between them. Since the total angular
momentum of an isolated system is conserved, we are able to form a general formalism to
examine these aspects by introducing a new operator, the Angular Momentum Coherence
Operator (AMCO). We use these to study coherences between excited electronic states as
well as photoionization from rotational coherences excited in the ground electronic state.

In order to investigate electronic coherences in the laboratory frame, we identified and calculated the off diagonal density matrix elements in the laboratory frame. We find that these
matrix elements are composed of the Electronic Angular Distribution Moments (EADMs),
which are expectation values of the AMCOs. The EADMs determine the angular distribution of electronic coherences in the laboratory frame. We find that the time dependence of
this laboratory frame angular distribution is synchronized with electronic coherences in the
molecular frame. Demonstrative calculations were carried out for the molecule 4-amino4’-nitrostilbene resonantly excited by an attosecond pulse.

Additionally, rotational coherences in the electronic ground state are also characterized
by the AMCOs. We used rotational coherences to develop a mathematical protocol for reconstructing molecular frame photoelectron distributions (MFPADs) from laboratory frame

measurements for polyatomic molecules. MFPADs give the probability of removing (ionizing) an electron at a specific angle with respect to the molecular axis and have been shown
to be effective probes of molecular electronic dynamics. We numerically demonstrated this
MFPAD reconstruction method for the molecules N2 and C2 H4 . The new technique is
expected to be generally applicable for a range of MF reconstruction problems involving
photoionization of polyatomic molecules.

Thus, the AMCOs provide a generalized framework to analyze angular momentum coherences in molecular dynamics.
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CHAPTER 1
INTRODUCTION

Research in the field of ultrafast molecular physics focuses on the study of isolated molecules
- a clump of atoms [1]. The fundamental question tackled in the discipline is what happens in this very short timeframe after energy, often in the form of light, is imparted to
a molecule. This light interacts with electrons in the molecule, which can then transfer
energy to the atoms, resulting in atomic motion [2]. One important characteristic is the
time dependence of this dynamic system. As time evolves, the electrons transfer energy to
the nuclei of the atoms. This exchange between the electrons and the atoms initiates many
natural processes, such as vision and photosynthesis [1]. The study of such molecular
dynamics also results in a deeper understanding of the quantum mechanics governing the
behavior of small particles (like electrons and atoms), contributing to our collective knowledge of the physical world.

In quantum mechanics, dynamics are driven by coherences between quantum states [3], explained in more detail below. The photo-excited states of isolated molecules have a definite
angular momentum in the laboratory frame, the reference frame in which experiments are
conducted. Angular momentum is the quantity that rotates a system; thus, understanding
the effects of angular momentum on a dynamic system reveals vital information regarding its behavior. In the laboratory frame, coherences between angular momenta of excited
molecular states appear as a time varying alignment of the electronic probability distribution [4, 3]. Here the electronic probability distribution gives the probability of a particular
electron being measured at a particular position in space. By measuring the time-varying
alignment of this probability distribution, one can retrieve the electronic coherences, coherences between electronic states, which determine the molecular dynamics. Therefore,
1

directly measuring the electronic probability distribution alignment provides a direct observation of the molecular coherences and is a direct measurement of the molecular frame
electronic dynamics. These dynamics occur on attosecond (10

18

seconds) time scales.

Thus, attosecond pulses are needed to carry out these experiments. The necessary technology has only recently become available in laser labs [5] and at faculties such as the
Stanford Linear Accelerator Center (SLAC) [6].

To study the effects of angular momentum, we construct a new quantum mechanical operator, the Angular Momentum Coherence Operator (AMCO), containing coherences between
states of different angular momentum. These are discussed in detail in chapter 2. All
molecular dynamics (electronic, vibrational, and rotational) can be described by the quantum mechanical expectation values of these operators. Expectation values of this operator
can be used to track the time-dependent alignment of the electronic probability distribution
in an excited state, or the time dependent rotation of the molecule in the ground (lowest)
electronic state. In chapter 3 we study electronic dynamics in an excited state and provide
a direct path to measuring electronic coherences in an experiment. In chapter 4 we study
rotational dynamics in the ground state which allow a reconstruction of measurable quantities in the molecular frame (chapter 5).

Molecular experiments are conducted in the laboratory frame, that is, the molecule is freely
tumbling. Measurements made in the laboratory frame from randomly oriented molecules
result in a loss of information due to the averaging over all possible orientations. In the
molecular frame, we neglect the rotation of the molecule. Thus, the molecule is in a fixed
orientation, preventing this loss of information. Therefore, measurements in the molecular
frame help elucidate the fundamental physics of molecules. In this thesis, we focus on the
process of photoionization- the removal of an electron by light. This quantity is of interest
as it can be used to track the behavior of a molecular electron after it is provided with some

2

energy. Although some techniques have been developed, it is still extremely difficult to fix
the orientation of an arbitrarily complex polyatomic molecule and by doing so access the
molecular frame [7, 8]. Here we study a different approach. We simulate a molecular photoionization experiment in which a femtosecond (10

15

seconds) duration laser pulse sets

the molecule rotating, analogous to spinning a top. As the molecule freely tumbles, several
measurements of photoionization of an electron are made at different times with a second
laser pulse. This results in the collection of time-dependent data. From these simulations,
information regarding the photoionization of specific molecules in the molecular frame can
be retrieved.

In order to follow the work that makes up this thesis, we provide below an introduction
to molecular quantum mechanics. This includes introductions to the Born Oppenheimer
Approximation, molecular populations and coherences, and the density matrix.
1.0.1

Born Oppenheimer Approximation

Molecular structure is most easily understood using the Born Oppenheimer Approximation
(BOA), the assumption that electronic motion occurs on a much faster time scale than the
nuclear motion. This approximation allows for the separation of electronic and nuclear
dynamics:
(1.1)

Ĥmol = Ĥelectronic + Ĥnuclear

Ĥmol |

mol i

= (Enuclear + Eelectronic ) |

mol i

(1.2)

Here Ĥmol is the molecular Hamiltonian, Ĥelectronic is the electronic Hamiltonian, Ĥnuclear
is the nuclear Hamiltonian, |

mol i

is the molecular state, Enuclear is the nuclear energy

eigenstate of the molecular Hamiltonian, and Eelectronic is the electronic energy eigenstate
of the molecular Hamiltonian. Within the Born Oppenheimer Approximation, we can de-

3

Figure 1.1: Born Oppenheimer potential energy curves as a function of bond length, and
some representative nuclear energy levels.
fine the Born-Oppenheimer states, in which the electronic and nuclear states can be separated from each other [1, 9]:

|

mol i

= |↵i |v↵ i |Jn Mn ⌧n i

(1.3)

where |↵i is the electronic state, |v↵ i are the vibrational states corresponding to a given ↵,
and |Jn Mn ⌧n i are the angular momentum states, or rotational states of the molecule, where
n = ↵v↵ . Figure 1.1 shows the separation of the electronic, |↵i, and nuclear, |v↵ J↵ M↵ ⌧↵ i
energy sates. In Figure 1.1, the electronic (blue) and nuclear (red) energy states are given
in terms of bond length, the distance between the atoms that make up a molecule. For every
nuclear configuration, the electronic energy is averaged over the electronic motion. Usually, a graph like Figure 1.1 is multidimensional and the potential energy curves become
surfaces.

Throughout this thesis, we operate under the approximation that rotational motion does

4

Figure 1.2: Representative vibrational and rotational energy levels in a close up view (circle) of an electronic energy curve as seen in Figure 1.1
not effect vibrational motion. Like the BOA allowed the separation of electronic and nuclear energy states, this additional approximation allows for the separation of vibrational,
|v↵ i, and rotational, |J↵ M↵ ⌧↵ i, levels within the nuclear states. This separation in seen
in Equation 1.3 and illustrated in Figure 1.2. These rotational states are labeled by total
angular momentum J↵ , the sum of the electronic and rotational angular momentum. When
the Born Oppenheimer Approximation holds, the states in Equation 1.3 are eigenstates of
the molecular Hamiltonian. The molecular Hamiltonian can be rewritten as:

Ĥmol = Ĥelectronic + Ĥvibrational + Ĥrotational

(1.4)

where |↵i, |v↵ i, and |J↵ M↵ ⌧↵ i are eigenstates of their respective Hamiltonian. Additionally, under the Born Oppenheimer Approximation, the vibrational, rotational, and electronic energies are separately conserved.

Etotal = E↵ + Ev↵ + EJ↵ M↵ ⌧↵

(1.5)

We can arrive at this starting with the full molecular Hamiltonian, which can be written as
the following sum:
Ĥ(r, Q) = T̂n (Q) + T̂e (r) + V (r, Q)
5

(1.6)

where T̂n (Q) are the kinetic energy operators of the nuclei, T̂e (r) are the kinetic energy
operators of the electrons, and V (r, Q) is the potential energy of the electrons and nuclei.
Additionally, r represents the electronic coordinates and Q represents the nuclear coordinates. Here Q = q1 , q2 , q3 , ... where the number of elements is determined by the number
of degrees of freedom per vibration. In addition, r is a set of vectors which give the position
for the collective electron clump. We write r = ri |i = 1, 2, ..., N where N is the number
of electrons.

In the Born-Oppenheimer basis, T̂n (Q) is set to zero, effectively ”freezing” the motion of
the nuclei. When neglecting T̂n (Q), the Born Oppenheimer states are called zeroth order
states. As a result, the molecular Hamiltonian describes electronic motion in a molecule
with fixed nuclei, and Q can be treated as an adjustable parameter. Here, we write the
electronic Hamiltonian as:

Ĥe (r; Q) = T̂e (r) + V (r, Q)

(1.7)

where the electronic potential energy V↵ (Q) and the zeroth-order Born Oppenheimer states
|↵i are defined as follows
Ĥe (r; Q) |↵i = E↵ (Q) |↵i

(1.8)

The resulting E↵ act as potential energies of the nuclear Hamiltonian, in which we do not
neglect the nuclear potential energy, and determine the motion of the nuclei. They are depicted as the blue electron energy curves in Figure 1.1. The resulting nuclear Hamiltonian
can be written as:
Ĥn = T̂n (Q) + E↵ (Q)

(1.9)

Ĥn |N i = En |N i

(1.10)

with
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with |N i = |v↵ i |J↵ M↵ ⌧↵ i and En = Ev↵ + EJ↵ ⌧↵ M↵ . Therefore, the total energy can be
written as Equation 1.5 where E↵ is written as a function of nuclear coordinates. Note
that, when the Born Oppenheimer Approximation breaks,

(Ĥn

En ) |N i =
6 0

(1.11)

implying that the nuclear energy is no longer separately conserved. Thus, the types of
energies can be exchanged. In other words, electronic energy can become nuclear energy,
and vice versa. Since electrons typically absorb light energy, this is how light induced
nuclear motion is understood to occur [10]. Electrons absorbs the energy first, then transfer
it to the nuclei. The BOA breaks often in excited states, where there is nuclear motion, and
typically holds in the ground state. In chapter 3, we study dynamics occurring in early
time, so that there is no nuclear motion and the BOA holds. In chapter 4, we conduct our
study in the ground state, so that the BOA holds.
1.0.2

Molecular Populations and Coherences

Even though the Born Oppenheimer states are not eigenstates of the full molecular Hamiltonian, nonetheless they are eignenstates of the Born Oppenheimer Hamiltonian and thus
are a basis on the space of molecular states. As a result, any arbitrary molecular state can
be expanded as a superposition of Born Oppenheimer States, as in Equation 1.3. In this
section we study the time evolution of the molecular states after excitation in the molecular
frame, as is standard in the field [11]. In the molecular frame, we exclude the rotational
states |J↵ M↵ ⌧↵ i and thus the Born Oppenheimer States are |↵i |v↵ i. Typically, the ground
electronic state and the first excited electronic state are far apart in energy, as seen in Figure 1.1. As a result, the Born Oppenheimer Approximation holds well in the ground state.
Here, we can use a light pulse to excite many Born Oppenheimer states. The system then
evolves with time, and if the Born Oppenheimer Approximation breaks, transitions from

7

one electronic state to another can occur. The resulting molecular state is a superposition
of the Born Oppenheimer states as follows,

|

mol (t)i

=

X
↵v↵

C↵v↵ (t) |↵i |v↵ i

(1.12)

Such a superposition of states is typically called a molecular wavepacket. According to
quantum mechanics, neither the nuclei nor the electrons can have definite positions in
space. However, the probability of locating the nuclei and electrons at a specific position is
related to the quantum mechanical wavefunction of the molecule. To define the wavefunction, we need to rewrite Equation 1.12 in the basis of position eigenstates |r, Qi = |ri |Qi.
Where,
r̂ |ri = r |ri

(1.13)

Q̂ |Qi = Q |Qi

(1.14)

The above equations are the position and configuration operators of the electrons and nuclei. In these eigenstates, the positions of the electrons and the position of the nuclei are definite; however, they are not physically realizable states [12]. The amplitude hr, Q|
is defined as

mol (t, r, Q),

mol (t)i

the molecular wavefunction:

mol (t, r, Q)

= hr, Q|

mol (t)i

Thus, as defined in quantum mechanics, |

=

X
↵v↵

hr, Q| C↵v↵ (t) |↵i |v↵ i

mol (t, r, Q)|

(1.15)

d rdQ is the probability of finding

2 3

the electrons between r and r+ d3 r and the nuclear configuration between Q and Q + dQ in
the state |

mol (t)i.

The equation above can be rewritten in terms of the electronic

hr|↵i and vibrational

v↵ (Q)

↵ (r)

=

= hQ|v↵ i wavefunctions. Taking the absolute value squared

8

gives
mol (t, r, Q)|

|

↵ (r)|

=

X

↵ (r)

0
↵↵0 v↵ v↵
0

where
|

2

↵ (r)
2

⇤
⇤
⇤
0 (Q)C↵,v↵ (t)C↵0 ,v 0 (t)
↵0 (r) v↵ (Q) v↵
0
↵0

(1.16)

= hr|↵i is the electronic wavefunction for state electronic state |↵i, with

the probability density of finding an electron located at r in a Born Oppenheimer

state |↵i. Similarly,
|v↵ i, with |

v↵ (Q)|

v↵ (Q)

2

= hQ|v↵ i is the nuclear wavefunction for state nuclear state

the probability density of locating the nuclei at Q in a Born Oppen-

heimer state |v↵ i. Separating Equation 1.16 into diagonal and off-diagonal elements:
|
X

mol (t, r, Q)|

2

=

X

⇢(↵, v↵ , t)P↵,v↵ (r, Q)+

↵=↵0

⇢(↵, v↵ , ↵

0

, v↵0 0 , t)

↵ (r)

↵6=↵0

(1.17)
⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

In the equation above, ⇢(↵, v↵ , t) = |C↵,v↵ (t)|2 and ⇢(↵, v↵ , ↵0 , v↵0 0 , t) = C↵,v↵ (t)C↵⇤0 ,v0 0 (t)
↵

are the diagonal and off-diagonal elements of the density matrix. Additionally, P↵v↵ (r, Q) =
|

↵ (r)|

2

|

v↵ (Q)|

2

and is the probability density of locating an electron at r and a nuclei at

Q in the Born Oppenheimer State |↵v↵ i. Thus, the values of ⇢(↵, v↵ , t) give the contribution of a particular Born Oppenheimer State to the total molecular probability density in the
molecular frame and are called populations. The term
lap between
v↵ (Q)

and

↵ (r)

and

0 (Q).
v↵
0

0
↵ (r)

and

⇤
v↵ (Q) v 0 0 (Q)
↵

↵ (r)

⇤
↵0 (r)

gives the spatial over-

describes the spatial overlap between

These terms result from wavelike interference between different

Born Oppenheimer states. Hence, ⇢(↵, v↵ , ↵0 , v↵0 0 , t) tells to what degree the interference
between two states contributes to the total probability density. In wave physics, interference is only detectable if the waves are coherent, thus naming the term ⇢(↵, v↵ , ↵0 , v↵0 0 , t)
coherences.

In order to form a complete picture of the full molecular probability density (or distribu9

tion), we need to measure both populations and coherences. Previously populations have
been measured using photoionozation [13]. In chapter 2 we analyze how the coherences
and populations are mapped to the laboratory frame, the frame in which all measurements
are made. We do this by including the rotational states |Jn Mn ⌧n i in the Born Oppenheimer
basis. This analysis provides a route to separating populations from coherences from measurements.
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CHAPTER 2
PRELIMINARIES

To include the |Jn Mn ⌧n i states, we must understand angular momentum, which quantum
mechanically is the operator that generates an infinitesimal rotation. We begin by introducj
ing the mathematics of rotation, analyzing the Wigner matrix elements Dmk
, irreducible

representations of the rotation group SO(3), the group of all rotations in 3D space. Here
j signifies the representation, while m and k have values ranging from

j to j. The rota-

tion matrix in a particular representation signified by j is indexed by m and k and has size
j
(2j + 1) ⇥ (2j + 1) and elements Dmk
. These Wigner matrix elements are simply matrix

elements of the rotation operator R̂ [14]:
j
ˆ |jki ,
Dmk
( , ✓, ) = hjm| R̂( ⇠)

(2.1)

where
ˆ =e
R̂( ⇠)

iJˆ⇠
h̄

(2.2)

and Jˆ⇠ , by definition, is the generator of rotation. A generator is an operator that produces
an infinitesimal rotation in the desired direction, in this case counterclockwise around the
axis pointing in the ⇠ˆ direction. In Equation 2.2,

is a finite angle of rotation around this

axis. Note that |jmi in Equation 2.1 are basis vectors that generate the irreducible reprej
sentations of SO(3). As seen in the equation below, Dmk
facilitates the rotation between

basis functions within a representation j:

|jmi =

X
k

j⇤
Dmk
(⌦) |jki

11

(2.3)

Figure 2.1: Euler angles , ✓, and
frame (X,Y ,Z)

relating the molecular frame (x,y,z) and the laboratory

In this equation, ⌦ represents the rotation angles , ✓, and

between two Cartesian co-

ordinate systems in three-dimensional space, often referred to as the Euler angles. These
angles are depicted in Figure 2.1.

To add angular momentum in quantum mechanics, we need to know how to combine these
irreducible representations. The direct product representation j1 ⌦ j2 can be reduced to a
linear superposition of irreducible representations j3 as follows,

j1
j2
Dm
Dm
=
1 k1
2 k2

X
j3

0

10

1

B j 1 j 2 j 3 C B j 1 j2 j 3 C j 3 ⇤
(2j3 + 1) @
A@
A Dm3 k3
m1 m2 m3
k1 k2 k3

(2.4)

The large parentheses seen in this equation are the well-known Wigner three-j symbols.
Properties of the Wigner three-j symbols restrict the values of j3 , m3 , and k3 to : j3 =
|j1

j2 |, |j1

j2 + 1|, ..., |j1 + j2

1|, |j1 + j2 |, m3 = m1 + m2 , and k3 = k1 + k2 .

The above provides some mathematical properties of the irreducible representations of
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SO(3). In quantum mechanics, the operator Jˆn can be written as Jˆ · n̂ and is a projection of the total angular momentum Jˆ along the n̂ axis [12].

Specifically, in the context of molecular rotation, the Wigner matrix elements are associated with the wavefunctions of the eigenstates |JKM i of the rigid symmetric quantum
mechanical top. A symmetric top has two axes of rotation with same moment of inertia
and one axis with a different moment of inertia. Here, |JKM i is defined by the following
properties:
Jˆ2 |JKM i = J(J + 1)h̄2 |JKM i

(2.5)

Jˆz |JKM i = Kh̄ |JKM i

(2.6)

JˆZ |JKM i = M h̄ |JKM i

(2.7)

and

Thus, J is the total angular momentum quantum number, K is the quantum number associated with Jˆz , the projection of Jˆ on the chosen molecular axis (z), and M is the quantum
number associated with JˆZ , the projection of Jˆ on the space fixed axis (Z). We can identify
the axes in Figure 2.1 labeled by x, y, and z as the molecular axes and the axes labeled by
X, Y , and Z as the laboratory axes. The wavefunctions of the symmetric top are given by
the Wigner D matrices:

h⌦|JKM i =

r

2J + 1 J⇤
DM K (⌦) =
8⇡ 2

r

2Jn + 1
( 1)M
8⇡ 2

K

DJ M

K (⌦)

(2.8)

where |h⌦|JKM i|2 gives the probability of the axes x, y, and z being oriented at angles
✓, , and . |⌦i = | , ✓, i are the eigenstates of the Euler angles, that is, the set of states
in which the orientation of the top is defined. Since x, y, and z define the frame of the
molecule, |h⌦|JKM i|2 gives the probability of a molecule having the orientation ✓, , and
13

.

No intramolecular interaction mixes states of different J, due to the fact that SO(3) is a
symmetry group of the full molecular Hamiltonian. In other words, the total angular momentum is conserved for an isolated molecule. However, the asymmetric top Hamiltonian
mixes states of different K but the same J. While we have discussed the eigenstates of
a symmetric top here, there is no reason that a molecule has to have two axes of rotation
with the same moment of inertia. The case where all three axes of rotation have different
moments of inertia is referred to as an asymmetric top. Nonetheless, in general, the full
molecular Hamiltonian conserves the total angular momentum J, allowing us to define a
set of orthogonal molecular basis functions |ni |Jn Kn Mn i, with n representing the vibronic
(vibrational and electronic) basis states.

While intramolecular interactions conserve angular momentum, a polarized light pulse can
impart angular momentum to a molecule resulting in a coherent superposition of Jn states.
The Jn states contained in this superposition can then be coupled, similar to how representations of SO(3) are combined in Equation 2.4, to give the total angular momentum
of a multi-state wavepacket. This motivates the definition of the following set of tensor
operators, indexed by the total wavepacket angular momentum and its projections:
AK
QS =
0

B Jn
@
Mn

X Xp
2K + 1 X
(2Jn + 1)(2Jn0 + 1)( 1)Mn Kn
8⇡ 2 J K M 0 0 0 nn0
n n n J 0K 0M 0
10 n n n
1
0
0
Jn 0 K C B Jn
Jn 0 K C 0
0
0
0
A@
A |n i |Jn0 Kn0 Mn0 i hJn Kn Mn | hn|
0
0
Mn 0 Q
Kn Kn 0 S

(2.9)

Please note that previously we were using K as the projection of angular momentum on
the molecular frame, here we are using K differently. In this notation, K is the total
wavepacket angular momentum which results from coupling the Jn , the angular momenta
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in the excited wavepacket: K = |Jn

Jn0 0 |, |Jn

Jn0 0 + 1|, ..., |Jn + Jn0 0

1|, |Jn + Jn0 0 |. Q

and S represent the projection of K onto the space fixed and molecular axes, respectively,
while Kn is the projection of Jn onto the molecular axis and Mn is the projection of Jn
onto the space fixed axis. Q and S can be expressed as the differences between pairs of
angular momentum projections, with Q = Mn0 0

Mn and S = Kn0 0

Kn . Since AK
QS picks

out differences between angular momenta, it can project out coherences between states of
different angular momentum. We name AK
QS Angular Momentum Coherence Operators
(AMCOs).

As we will show below, AMCOs, as defined above, are an important part of calculating
the matrix elements of the density operator and understanding the origins and behavior
of coherences in the laboratory frame. Matrix elements of the density operator, like the
molecular wavefunction, can be used to determine all observable properties of a molecule
[3]. In the |ni |Jn Kn Mn i basis, the density matrix has elements
hn0 Jn0 0 Kn0 0 Mn0 0 | ⇢ˆ(t) |nJn Kn Mn i = ⇢!n !n0 0 (n, n0 , t)

(2.10)

with !n = {Jn Kn Mn } and n = ↵v↵ . Diagonal elements, n = n0 give the probability of
finding the system in that electronic state n. Off diagonal elements, n 6= n0 are coherences
between two electronic states. This constitutes a density matrix in the laboratory frame, as
opposed to the density matrix introduced in chapter 1 which was in the molecular frame.

We may write the density operator in terms of the density matrix elements ⇢!n !n0 0 (n, n0 , t),
as follows. For convenience in notation, the n’s seen in ⇢!n !n0 0 (n, n0 , t) are not separated
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into their electronic and vibrational components.

⇢ˆ(t) =

X

X X

0 JKM J 0 K 0 M 0
↵↵0 v↵ v↵
0

⇢!n !n0 0 (n, n0 , t) |↵i |v↵ i |Jn Kn Mn i hJn0 0 Kn0 0 Mn0 0 | h↵0 | hv↵0 0 |
(2.11)

This equation is consistent with Equation 2.10 because the Born Oppenheimer states and
hJn0 0 Kn0 0 Mn0 0 |Jn Kn Mn i =

0 K
0
Jn0 0 Jn Kn
0 n Mn0 Mn

are both orthogonal. For a molecule with

orientation , ✓, and , the probability of finding the electrons at r in a configuration Q is
given by the diagonal elements of ⇢ˆ(t) in the basis |Qi |ri | , ✓, i.
hQ; r; , ✓, | ⇢ˆ(t) |Q; r; , ✓, i =

X

X

0 ! !0
↵↵0 v↵ v↵
0 n n0

⇢!n !n0 0 (n, n0 , t) hr|↵i

(2.12)

⇥ h↵0 |ri hQ|v↵ i hv↵0 0 |Qi h⌦|Jn Kn Mn i hJn0 0 Kn0 0 Mn0 0 |⌦i
Recall that hr|↵i and hQ|v↵ i are electronic and vibrational wave functions in the Born
Oppenheimer Approximation and that h⌦|Jn Kn Mn i is the symmetric top wave function.
Substituting these into Equation 2.12, we get:
P (Q, r, ⌦, t) =

X

X

0 ! !0
↵↵0 v↵ v↵
0 n n0

⇢!n !n0 0 (n, n0 , t)

p
(2J + 1)(2Jn0 0 + 1)
( 1)M
2
8⇡

↵ (r)

K

⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

DJnMn

Jn0 0
0
Mn0 0 Kn
0

Kn (⌦)D

(2.13)

(⌦)

Here P (Q, r, ⌦, t) is the probability of finding a molecule at ⌦ with a configuration of nuclei located at Q, and electrons located at r.

16

Using Equation 2.4 gives
P (Q, r, ⌦, t) =
X

0
!n !n
0

⇢

0
!n !n
0

X

1
8⇡ 2

↵ (r)

0
↵↵0 v↵ v↵
0

⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

q
(n, n , t) (2J + 1)(2Jn0 0 + 1)( 1)M
0

0

10

Jn0 0

K

X

(2K + 1)

KQS

Jn0 0

(2.14)

1

K C B Jn
K C K⇤
B Jn
@
A@
A DQS (⌦)
0
0
Mn Mn 0 Q
Kn Kn 0 S
Rewriting this equation with
q
h↵0 v↵0 0 !n0 0 | ÂK
|↵v
!
i
=
(2J + 1)(2Jn0 0 + 1)( 1)M K
↵ n
QS
0
10
1
0
0
X
Jn 0 K C B Jn
Jn 0 K C
B Jn
(2K + 1) @
A@
A
0
0
M n Mn 0 Q
Kn Kn 0 S
KQS

(2.15)

which are the matrix elements the AMCOs, Equation 2.9, in the Born Oppenheimer basis,
results in:
P (Q, r, ⌦, t) =
X

1 X X
8⇡ 2 KQS 0 0

↵↵ v↵ v↵0

0

0
!n !n
0

⇢!n !n0 0 (n, n

↵ (r)

⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

, t) h↵0 v↵0 0 !n0 0 | ÂK
QS

(2.16)
K⇤
|↵v↵ !n i DQS
(⌦)

0
0
Then we define AK
QS (↵, ↵ , v↵ , v↵0 ; t) as:

0
0
AK
QS (↵, ↵ , v↵ , v↵0 ; t) =

X

0
!n !n
0

K⇤
⇢!n !n0 0 (n, n0 , t) h↵0 v↵0 0 !n0 0 | ÂK
QS |↵v↵ !n i DQS (⌦),
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(2.17)

giving
P (Q, r, ⌦, t) =

1 X X
8⇡ 2 KQS 0 0

↵ (r)

↵↵ v↵ v↵0

⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

(2.18)

0
0
K⇤
AK
QS (↵, ↵ , v↵ , v↵0 ; t)DQS (⌦)

Finally, we separate the diagonal terms v↵ = v↵0 0 and ↵ = ↵0 from the off-diagonal terms
v↵ 6= v↵0 0 and ↵ 6= ↵0 to give:
P (Q, r, ⌦, t) =
X X

↵6=↵ v↵ 6=v 0 0

1 X
⇢↵v↵ (⌦, t)P↵v↵ (r, Q)+
8⇡ 2 ↵v
↵

⇢↵↵0 v↵ v↵0 0 (⌦, t)

↵ (r)

⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

(2.19)

↵

We can compare this with the molecular frame probability distribution Equation 1.17 seen
in chapter 1, which we reproduce here:
|
X

2
mol (t, r, Q)| =

X

⇢(↵, v↵ , t)P↵,v↵ (r, Q)+

↵=↵0

⇢(↵, v↵ , ↵

0

, v↵0 0 , t)

↵ (r)

↵6=↵0

(2.20)
⇤
⇤
0 (Q)
↵0 (r) v↵ (Q) v↵
0

By comparing Equation 2.19 to Equation 2.20, we identify the term ⇢↵↵0 v↵ v↵0 0 (⌦, t) as the
off diagonal density elements in the laboratory frame. Since these off diagonal matrix elements are dependent on orientation, coherences in the laboratory frame are also orientation
dependent. Note in both Equation 2.19 and Equation 2.20, the off diagonal elements are
coefficients of molecular frame electronic and vibrational wave functions; therefore, they
track coherences between molecular frame vibrational and electronic states. This term is
partially responsible for the time dependent nature of the probability distribution and controls which coherences in the molecular frame contribute to the laboratory frame and at
what angle and time. Similarly, we can identify ⇢↵v↵ (⌦, t) as the diagonal density matrix
elements. The diagonal matrix elements give the probability of finding the molecule in a
18

state labeled by ↵v↵ , in an orientation ⌦, and at a specific time t.

In going from Equation 2.17 to Equation 2.19, we used the following definitions:

⇢↵v↵ (⌦, t) =

X

K⇤
AK
QS (↵, v↵ ; t)DQS (⌦)

(2.21)

KQS

⇢↵↵0 v↵ v↵0 0 (⌦, t) =

X

0
0
K⇤
AK
QS (↵, ↵ , v↵ , v↵0 ; t)DQS (⌦)

(2.22)

KQS

K
0
0
The AK
QS (↵, v↵ ; t) and AQS (↵, ↵ , v↵ , v↵0 ; t) are multipole moments of the diagonal and

off diagonal density matrix elements, respectively. Collectively, we will refer to these
as the Molecular Angular Distribution Moments (MADM). The off diagonal elements
0
0
AK
QS (↵, ↵ , v↵ , v↵0 ; t) determine the shape of the electronic coherences in the laboratory

frame and are called the Electronic Angular Distribution Moments (EADMs). The diagonal matrix elements AK
QS (↵, v↵ ; t) determine the shape of the probability distribution of the
molecular axis being oriented at a specific set of angles ⌦ and are called the Axis Distribution Moments (ADMs) [1]. These collectively dictate the shape of the all density matrix
elements. For example, when K = 1 the density matrix elements will resemble a dipole
and with K = 2 they will resemble a quadrupole. These shapes are pictured in Figure 2.2.
In general, as indicated by Equation 2.21 and Equation 2.22, the density matrix elements
will be some combination of these different shapes. These density matrix elements in turn
determine the laboratory frame probability distribution of the molecule as a whole, as given
in Equation 2.19.

Rotational coherences occur when ↵0 = ↵, electronic coherences occur when ↵0 6= ↵,
and vibrational coherences occur when v↵0 0 6= v↵ . In this thesis, v↵0 0 = v↵ , thus we will
not have vibrational coherences. Our main focus will be on the effects of electronic and
rotational coherences. In the following chapters, we will discuss methods used to measure
19

Figure 2.2: Spherical polar plots of the Wigner D matrix elements with M = 0 and S = 0.
The polar angle with respect to the Z axis maps to the Euler angle ✓ and the azimuthal
angle maps to . The value of K increases from left to right, starting with K = 0 and
ending with K = 3.
electronic coherences and how they show up physically. Additionally, the use of rotational
coherences to go from measured laboratory frame data to information in the molecular
frame will be addressed within the context of photoionization.
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CHAPTER 3
ELECTRONIC COHERENCES

In order to calculate ⇢↵↵0 v↵ v↵0 (⌦, t) in Equation 2.19, we must first determine the energy
levels of a rigid rotor. To do so we follow the treatment in [14]. This start point is motivated
by the fact that the energies of a rigid quantum mechanical top are also eigenstates of the
molecular rotational Hamiltonian [12, 14]. The rotational molecular Hamiltonian for a
rigid top can be written as:
Ĥ = AJa2 + BJb2 + CJc2 =

Ja2
J2
J2
+ b + c
2Iaa 2Ibb 2Icc

(3.1)

with the rotational constants A, B, and C defined as follows:
h̄2
h̄2
h̄2
A=
;B =
;C =
2Iaa
2Ibb
2Icc

(3.2)

where Iaa , Ibb , and Icc are the principal moments of inertia which define the three axes of
rotation a, b, and c, with A, B, and C the frequency of rotation around each axis. For an
asymmetric top, Iaa < Ibb < Icc with Iaa the fastest axis of rotation and Icc the slowest. For
a prolate symmetric top, Iaa < Ibb = Icc and A < B = C. For all the molecules studied
here, the principle axis a corresponds to the body-fixed frame z axis, b to x, and c to y.

We can now find the eigenstates and energies for this Hamiltonian by solving the timeindependent Schrödinger equation:

Ĥ |JM ⌧ i = EJ⌧ M |JM ⌧ i
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(3.3)

where ⌧ is a number which runs from

J to J and labels the energy states of an asymmet-

ric top.

In this case, the collection of eigenstates of Ĥ is referred to as the asymmetric top basis. To solve the eigenvalue problem in Equation 3.3 we can represent |JM ⌧ i and in the
|JM Ki basis, the symmetric top basis. We first identify operators which commute with
the Hamiltonian:
[Ĥ, Jˆ2 ] = 0

(3.4)

where Jˆ2 is the square of the total angular momentum, implying that total angular momentum is conserved and that the system is isolated. Additionally,
[Ĥ, JˆZ ] = 0

(3.5)

which reveals that JˆZ , the projection of the total angular momentum on the laboratory
frame, is conserved. Finally,
[Ĥ, Jˆz ] 6= 0;

(3.6)

therefore, Jˆz , the projection of the total angular momentum on the molecular frame, is not
conserved. Thus, Ĥ will mix states of different K. Since Ĥ does not commute with Jˆz , Ĥ
and Jˆz do not have the same eigenstates. However, Ĥ commutes with Jˆ2 and JˆZ , and we
can use a linear combination/superposition of |JKM i to find the eigenstates for Ĥ:
|JM ⌧ i =

X
K

CK |JM Ki

(3.7)

From Equation 3.3 and Equation 3.7, one can derive the following equation:
X
K0

JM ⌧
JM ⌧
hJKM | Ĥ |JK 0 M i CK
= EJM ⌧ CK
0
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(3.8)

This is an eigenvalue problem which can be solved by diagonaizing the Hamiltonian matrix
in order to calculate the eigenvectors of Ĥ, using MATLAB’s eign() command.
~ JM ⌧ = EJM ⌧ C
~ JM ⌧
Ĥ C

(3.9)

JM ⌧
n
Note that, in this equation, the eigenvectors of Ĥ are represented by CK
and EJ⌧
M.

Additionally, we will write hJKM | Ĥ |JK 0 M i, seen in Equation 3.8, as HKK 0 . These are
the matrix elements of the asymmetric top Hamiltonian and can be found in [14]. These
matrix elements can be expressed in terms of diagonal (K 0 = K) and off-diagonal (K 0 =
K ± 2) elements. Below we express the asymmetric top Hamiltonian matrix elements in
the symmetric top basis:
1
HKK = (B + C)[J(J + 1)
2

1
HK,K±2 = (B
4

C)[J(J + 1)

(3.10)

K 2 ] + AK 2

1

K(K ± 1)] 2 [J(J + 1)

1

(K ± 1)(K ± 2)] 2

(3.11)

To calculate the Hamiltonian matrix elements, one must determine the values of A, B, and
C. Once the values of the Hamiltonian matrix are calculated, it is possible to determine the
JM ⌧
n
0 (⌦, t).
eigenvectors of H, CK
and EJ⌧
M , and calculate ⇢↵↵0 v↵ v↵

Above we described the set of rotational states |JM ⌧ i. Now we consider a superposition
of molecular eigenstates which can be excited by a broad band laser pulse:

| (t)i =

X

JM ⌧ n

anJn Mn ⌧n

exp

⇢
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iEJnn Mn ⌧n t
h̄

|ni |Jn Mn ⌧n i .

(3.12)

Here we assume that the Born Oppenheimer states |ni |Jn Mn ⌧n i are eignestates of the
Hamiltonian, since we consider only very short times after the pulse in which the nuclei
are frozen. Additionally, we write EJnn Mn ⌧n = En + EJn Mn ⌧n . In order to calculate the
MADMs ( Equation 2.21 and Equation 2.22) we first must transition into the |Jn Kn Mn i
basis by inserting Equation 3.7 into Equation 3.12:

| (t)i =

X

Jn Kn Mn n

[

X

Jn Mn ⌧n
anJn Mn ⌧n CK
n

exp

⌧

⇢

iEJnn Mn ⌧n t
] |ni |Jn Kn Mn i
h̄

(3.13)

Jn M n ⌧ n
The coefficients anJn Mn ⌧n and CK
as seen in the previous equation can be used to
n

determine the density matrix in the |Jn Kn Mn i basis. Note that anJn Mn ⌧n is the excitation
amplitude of states in the |Jn Mn ⌧n i basis. From our definition of the interaction potential
energy and first order time-dependent perturbation theory we know that the amplitude of
the transition from a state i to a state f is:

af =

i
h̄

Z

t
0

1
hf | V |ii dt0
h̄

(3.14)

where V is the potential energy, which in the dipole approximation is given by

V =

~ t) = µZ EZ ( t),
µ
~ · E(

~ t) = EZ ( t)Ẑ is the electric field of the laser pulse and µ
where E(
~ =
electronic dipole moment. Additionally,

(3.15)
P

i

e~
ri is the

t is the time inside the pulse, and in the limit

t ! 1, anJn Mn ⌧n is given by
anJn Mn ⌧n / hJn Mn ⌧n | hn| µZ |0i |Jin Min ⌧in i

(3.16)

where the overall multiplicative constant is determined by the shape of the pulse. In this
limit, the excitation pulse is much shorter than the timescale of the electronic motion. As
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stated in the Introduction, this requires attosecond pulses. Equation 3.16 implies that the
system starts in the ground state |0i |Jin Min ⌧in i and is excited to the state |Jn Mn ⌧n i |ni.
Dipole moments are usually known in the molecular frame; thus, we must transform these
values into the laboratory frame. In order to do this, we change µZ into a spherical tensor.
We know that spherical tensors rotate like irreducible representations of SO(3) under transformation, given in Equation 2.3. In the spherical basis, µZ = µ10 and can be expressed in
terms of the molecular frame spherical dipole moments µ1q :
[µ10 ]LF =

X

1⇤ 1
Doq
µq

(3.17)

q

Here, µ1q are the spherical transition elements in the molecular frame with values of q
ranging from -1 to 1. The irreducible representations of the molecular frame spherical
dipole moments are as follows [14]:
1
µ1 1 = p (µx
2

µ11 =

µy )

(3.18)

1
p (µx + µy )
2

(3.19)

µ10 = µz .

(3.20)

Using Equation 3.17 in Equation 3.16 gives the following expression for anJn Mn ⌧n .
anJn Mn ⌧n =

X
q

1⇤
hJn Mn ⌧n | D0q
|Jin Min ⌧in i hn| µ1q |0i ,
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(3.21)

0
which, with the use of Equation 3.7, can be expressed as a sum over q, Kin and Kin
:

anJn Mn ⌧n =

X X

0
Kin Kin

q

Jin ⌧in Jn ⌧n ⇤
1⇤
CK
CKn hJn Kn Mn | D0q
|Jin Kin Min i hn| µ1q |0i .
in

Using
1=

Z

(3.22)

(3.23)

|⌦i h⌦| d⌦,

a relationship given by the fact that we are working in a complete basis set, gives:
1⇤
hJn Kn Mn | D0q

|Jin Kin Min i =

Z

(3.24)

1⇤
hJn Kn Mn |⌦i D0q
h⌦|Jin Kin Min i d⌦

Then using Equation 2.8 for the symmetric top wavefunction h⌦|JKM i gives
1⇤
hJn Kn Mn | D0q

Z p
(2Jn + 1)(2Jin + 1) Jn
1⇤ Jin ⇤
|Jin Kin Min i =
DMn Kn D0q
DMin Kin d⌦ (3.25)
2
8⇡

j⇤
Further simplification to this equation can be achieved by using the relationship Dm
0m =

( 1)m

m0

D j m0

m

1⇤
hJn Kn Mn | D0q

p
(2Jn + 1)(2Jin + 1)
|Jin Kin Min i =
( 1)q 0 ( 1)Kin
2
8⇡
Z

Min

⇥

(3.26)

Jn
DM
D01 q DJinMin Kin d⌦
n Kn

1⇤
The solution to this integral is well known and given in [14]. Thus, hJn Kn Mn | D0q
|Jin Kin Min i

can be expressed in terms of a set of Wigner 3j symbols,
1⇤
hJn Kn Mn | D0q
|Jin Kin Min i =

p
(2Jn + 1)(2Jin + 1)( 1)q ( 1)Kin Min ⇥
0
10
1
1 Jn C
B Jin 1 Jn C B Jin
A@
A
@
Min 0 Mn
Kin
q Kn
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(3.27)

and anJn Mn ⌧n can be rewritten as:
anJn Mn ⌧n =

X X
q

Jin ⌧in Jin ⌧in ⇤
CK
CKin
in

0
Kin Kin

0

p
(2Jn + 1)(2Jin + 1)( 1)q ( 1)Kin
10

B Jin 1 Jn C B Jin
@
A@
Min 0 Mn
Kin

1

Min

⇥

1

Jn C
1
A hn| µq |0i
q Kn

(3.28)

After deriving anJn Mn ⌧n , we return to the equation for the wavepacket, Equation 3.13, and
combine the coefficients of the eigenstates expressed as:

xJn Kn Mn (t) =

Jn Mn ⌧n
anJn Mn ⌧n CK

exp

⇢

iEJnn Mn ⌧n t
h̄

(3.29)

In the |Jn Kn Mn i basis, the density matrix elements take the following form:
xJn Kn Mn (t)x⇤J 0 0 K 0 0 Mn (t) = ⇢!n !n0 0 (n, n0 ; t)
n

n

(3.30)

After calculating xJn Kn Mn (t), we can calculate the EADMs, which determine the angle
dependent shape of laboratory frame coherences.
0
AK
QS (n, n ; t) =

X

X

Jn Kn Mn J 0 0 K 0 0
n
n

xJn Kn Mn x⇤J 0 0 K 0 0 Mn hJn0 0 Kn0 0 Mn | AK
QS |Jn Kn Mn i
n

n

(3.31)

Finally, we can determine ⇢↵↵0 v↵ v↵0 (⌦, t), as seen in the previous chapter, using the following relationship:
⇢↵↵0 v↵ v↵0 0 (⌦, t) =

X

0
K⇤
AK
QS (n, n ; t)DQS (⌦)

(3.32)

KQS

The method outlined above is summarized in Figure 3.2, for further clarification. In order
to carry out these calculations we used values of En , hn| µa |0i,hn| µb |0i, and hn| µc |0i
calculated by our collaborators [15] for various electronic states |ni of a specific molecule,
as detailed below. Calculated ground state values of Iaa , Ibb , and Icc were also used since
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Figure 3.1: Ground state geometry of 4-amino-4’-nitrostilbene model with red representing
oxygen, blue nitrogen, and white hydrogen
we assume that the nuclei are frozen, implying that the molecular geometry stays the same
as in the ground state.

For this thesis, these calculations were carried out for different electronic energy levels
of the molecule 4-amino-4’-nitrostilbene, as seen in Figure 3.1. In this this figure, the
white atoms are hydrogen, grey are carbon, blue are nitrogen, and red are oxygen. The
excitation energies (eV ) and transition dipoles (atomic units) for the three energy states
used to carry out the calculations are tabulated below:
State
1
4
6

En (eV )
2.92
3.87
4.08

µx (au)
3.86641
1.07552
-0.84664

µy (au)
-0.00144
0.10603
0.32543

µz (au)
0.00426
-0.01137
-0.01292

Table 3.1: States of 4-amino-4’-nitrostilbene [15]
In addition, we used the following values for the moments of inertia:
Iaa = 821.8699051amu ⇤ Bohr2
Ibb = 15275.2027679amu ⇤ Bohr2
Icc = 16079.5333845amu ⇤ Bohr2
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(3.33)

Figure 3.2: Flow chart summarizing the steps for calculating the ⇢↵↵0 v↵ v↵0 (⌦, t)
These values were calculated from first principles by our collaborators at the National Research Council of Canada [15]. Note that in our calculations we convert all values to
atomic units.

In the process of calculating the EAMDs, we restricted the necessary number of states.
We consider a .01 Kelvin molecular gas in the canonical ensemble as our initial condition.
At this temperature, there is not enough thermal energy to excite any electronic or vibrational states; however, there is enough energy to excite a number of rotational states in the
electronic ground state. The necessary number of states can be determined by summing
the Boltzmann distribution over energy [16]. Once the statistical probability reaches .99,
the sum is terminated. Thus, the remainder of the terms in this sum can be dropped, only
leaving the states with the largest contributions.

In order to illustrate the resulting dynamics, the calculated ⇢↵↵0 v↵ v↵0 (⌦, t) are plotted in
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terms of ✓ and

for three different times after ionization (given in femtoseconds (fs)).

Figure 3.3 and Figure 3.4 show the real and imaginary parts, respectively, of the laboratory
frame coherence , Equation 3.32, between electronic states one and six ( Table 3.1). Figure 3.5- Figure 3.8 similarly show the same for the remaining laboratory frame coherences
excited by the laser pulse. The different time scales reflect the differences in the energy
level spacings between the electronic states responsible for the coherence. As expected,
the larger the energy difference between the two states, the faster the dynamics occur with
angular frequency !21 :
!21 =

E2

E1
h̄

(3.34)

where E1 and E2 are the states energies.

Each plot shows a half oscillation, from peak to trough. It is important to note that the
changes seen in the plots, generated in the laboratory, are due to the fact that electronic
dynamics are occurring in the molecular frame. The peaks in the figures indicate that at
that time there is additional alignment of the coherence at that specific set of angles. These
features can get imprinted on a probe, such as an attosecond light pulse, which scatters off
of them. The measuring of the anisotropy in these scattered signals enables coherences to
be tracked over time. Note that these features vary strongly on a femtosecond time scale,
as seen in our figures. Thus, attosecond pulses are needed to observe these changes. The
relative values of µa , µb , and µc (seen in Table 3.1) decide how much modulation there is
within these surfaces. Figure 3.9 compares the earliest snap shots of the real parts of the
coherences depicted in Figure 3.3, Figure 3.5, and Figure 3.7 in order to illustrate these
differences.
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Figure 3.3: Real part of the electronic coherence between states one and six.

Figure 3.4: Imaginary part of the electronic coherence between states one and six.
31

Figure 3.5: Real part of the electronic coherence between states four and one.

Figure 3.6: Imaginary part of the electronic coherence between states four and one.
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Figure 3.7: Real part of the electronic coherence between states four and six.

Figure 3.8: Imaginary part of the electronic coherence between states four and six.
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Figure 3.9: Comparison of the real part of the electronic coherences for each set of states.
The top coherence is between states four and one, the middle coherence is between states
one and six, and the bottom coherence is between states four and six.
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CHAPTER 4
ROTATIONAL DYNAMICS AND MOLECULAR PHOTOIONIZATION

In the previous chapters we discussed the resonant excitation from the ground electronic
state to a wavepacket of electronic states with higher energy. Now we look at the excitation between rotational states within a single electronic state. Similarly to how electronic
coherences reveal the behavior of molecular electrons, rotational coherences reveal rotational dynamics. Rotational coherences first appear in Equation 2.18 and can occur within
a single electronic state, in other words when n = n0 . In this chapter, we use these ground
state rotational coherences to extract information about photoionization in the molecular
frame. As previously discussed, and detailed below, the photoionization signal contains information about the electronic probability distribution of the neutral molecule. Rotational
coherences are excited here by Raman excitation, a process in which an intense laser pulse
is used to non-resonantly excite the molecule to a higher rotational state. In this scheme,
however, each individual photon does not have enough energy to excite the molecule to
the next electronic state. We can consider a molecule excited to a “virtual” electronic level
by a photon. Then, by stimulated photon emission, the molecule transitions back down to
the electronic ground state, but a different rotational state. The emitted photon thus has a
slightly different energy than the absorbed photon. This pattern continues over and over
again for the entire duration of the laser pulse. This scheme is described in greater detail in
[7, 8] and pictured in Figure 4.1.

In our case, this first femtosecond duration laser pulse is non-resonant and linearly polarized. As stated previously, this first pulse excites multiple rotational states within one
electronic state as facilitated by repetitive non-resonant Raman scattering. The initial Ramam excitation of the molecule is followed by a time delayed “probe” pulse. Unlike the
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Figure 4.1: Raman excitation scheme for rotational states in the electronic ground state
first pulse, this probe pulse has a photon energy greater than the ionization potential of
the molecule, allowing for the ionization of the molecule and ejection of an electron. This
process is seen in Figure 4.2. This probe pulse ionizes the rotational wavepacket (RWP),
seen in red, from the ground vibrational state in the ground electronic state |↵0 i to the
↵
ground ionic state ↵0+ . The momentum distribution of the ejected electron is measured.
This measurement is repeated at several, subsequent time delays, resulting in a sequence
of time resolved Laboratory Frame Photoelectron Angular Distributions (LFPADs). Figure 4.3 shows a sample LFPAD. Here, red represents a higher probability of an electron
being ejected in that direction, while blue represents a lower probability of an electron being ejected in that direction. Additionally, the radius of the ring corresponds to the allowed
photoelectron energy, determined by the photon energy and the energy states of the molecular ion. The time sequence of these LFPADs as the wavepacket evolves serve as the raw
data for the reconstruction described here. We use the LFPADs to reconstruct Molecular
Frame Photoelectron Angular Distributions (MFPADs).
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Figure 4.2: Representation of the photoionization process for a rotational wavepacket. |↵0 i
represents the electronic ground
state from which the rotational wavepacket is ionized into
↵
+
the ground ionic state ↵0 . The state of the ejected electron is | i and the energy of the
photon is shared by the ion and the electron.

Figure 4.3: Sample LFPAD from the ionization of N H3 molecules. The vertical white
arrow represents the polarization of the ionizing laser.
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We begin discussing the theoretical formalism needed to describe this experiment, based on
the formalism developed by Underwood and coworkers [1, 10, 17]. In the following section, subsubsection 4.0.1.1, we discuss the description of the rotational wavepacket. This
is followed by subsubsection 4.0.1.2 in which the description of the ionization at each time
delay is given. In the subsequent subsection ( subsection 4.0.2), we discuss photoionization
in the Molecular Frame (MF), and finally derive the connection between the LFPADs and
MFPADs that allow us to go from the experiment to the MFPAD. This connection, seen in
subsection 4.0.3, between the LFPADs and MFPADs is the main result of this work. For
further background to the current work, interested readers can find more detailed introductory material on the topic of ionization from aligned molecular ensembles in, for example,
[1, 18, 19]. Readers interested purely in the applications of the protocol may wish to skip
the derivations and theoretical discussion, and proceed directly to chapter 5, which illustrates, numerically, MF reconstruction for two demonstration cases.

The overarching aim herein is to reduce the LF-MF connection to a system of linear equations which can be solved, of the form:
Cmol = GClab ,

(4.1)

Here Cmol and Clab are vectors in the molecular and lab frames respectively, and G is a
known matrix. Components of the vector Clab can be directly extracted from time resolved
measurements of LFPADs from one-photon ionization of an evolving RWP. Provided that
a sufficient number of components are extracted, one can uniquely determine Cmol by
solving Equation 4.1, should such a solution prove to exist. The vectors which make up
the values of Cmol can then be directly used to construct the MFPAD. In the following, we
assume that the values of Clab have been directly measured from an experiment.
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Figure 4.4: Laser polarization and propagation directions
4.0.1
4.0.1.1

Ionization from the Rotational Wavepacket
Describing the Rotational Dynamics

In our formalism, the evolution of the excited rotational wavepacket can be described by
the time and orientation angle dependent laboratory frame density matrix elements [1, 10,
17],
⇢(↵0 , v↵0 , t, , ✓, ) =

X

K⇤
AK
QS (↵0 , v↵0 , t)DQS ( , ✓, ).

(4.2)

KQS

This equation expresses the probability that at a time t after the excitation the molecule will
have an orientation described by the Euler angles ( , ✓, ). These angles, as seen in Figure 2.1, serve to define the orientation of a rigid body in three dimensions [20] with respect
to a space-fixed coordinate system. As a reminder, the space-fixed coordinate system is labelled by (X, Y, Z), and the molecule-fixed coordinate system by (x, y, z), in the standard
manner (see Figure 2.1) [21]. In the space-fixed frame, the Z-axis is defined by the laser
polarization and the Y -axis by the laser propagation direction (see Figure 4.4). Additionally, the molecular axes define the molecular frame (x, y, z), and are chosen according to
molecular geometry, with z usually corresponding to the axis of highest symmetry.

K⇤
Note that in Equation 4.2, DQS
( , ✓, ) are the Wigner matrix elements and AK
QS (t) are the
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Axis Distribution Moments (ADMs) introduced in Equation 2.21. The time dependence
of the wavepacket is fully described by the functions AK
QS (t). As a reminder, K admits the
physical interpretation of angular momentum associated with the rotational wavepacket.
The maximum value of K can be thought of as the maximum angular momentum transferred to the molecule by the pump. Additionally, K = 1 is a dipole moment. Thus, if
the coefficient A100 dominates the expansion at a particular time, then the axis distribution
strongly resembles cos ✓ at that time. Lastly, the indices Q and S each run from
and describe the axis distribution as a function of the angles

K to K,

and , respectively.

Finally, we note the restrictions on the values of K, Q and S imposed by symmetry, specifically cylindrical symmetry (see Figure 4.5). In this case, changing the angle

does not

change the arc distance between the molecule and the laser and thus does not alter the
physical interaction between the two. Additionally, changes in the angle

do not affect

the physical interaction between the laser and molecule. However, changes in ✓ increase
or decrease the arc distance and do affect the system. With these restrictions in mind, it
can be determined that for a wavepacket excited by a linearly polarized field, the molecular axis distribution must be independent of

to preserve cylindrical symmetry, rendering

Q = 0. Further, K must be even to preserve inversion symmetry. Although the equations
herein are general, we usually restrict discussion to this special (but typical) case, and drop
the additional subscript where it is unnecessary. (This case is generally termed molecular alignment, and is conceptually distinct from molecular orientation, which also allows
non-cylindrically symmetric cases with inversion asymmetry, hence odd K terms.) The
restrictions on S depend on the point group symmetry of the molecule, and are dealt with
separately for the specific cases analyzed here (chapter 5).
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Figure 4.5: Laboratory frame coordinate system used to describe the photoionization of a
molecule
4.0.1.2

Describing the Ionization Step

As discussed previously, excitation of a rotational wavepacket by a pump pulse (Raman
excitation) is followed by ionization of the molecule by a time delayed probe pulse. The
measured, time resolved LFPADs are also typically described by a multipole expansion as
follows
(✏, t, ✓e ,

e) =

X

L
LM (✏, t)YM (✓e ,

(4.3)

e ),

LM

where ✏ is the kinetic energy of the electron and ✓e and

e

its polar and azimuthal ejection

angles, pictured in Figure 4.5. The physical interpretation of this equation is comparable to
that of Equation 4.2. Note that Equation 4.3 depends on two angles, instead of three, and
that the spherical harmonics YML (✓e ,

e)

facilitate the expansion of (✏, t, ✓e ,

M , where L is an integer and M runs from

e)

over L and

L to L. The spherical harmonics serve as the

basis functions for the unit sphere or, in other terms, they span the space covered by and ✓.
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The anisotropy parameters

LM (✏, t)

are now the time dependent multipole moments of

the LFPADs, which fully characterize their variation as a result of the evolving rotational
wavepacket. These therefore must contain the ADMs described above, and L and M must
be related to K and S (recall that Q = 0). The relation between the ADMs and the
anisotropy for perturbative one-photon ionization was derived under the dipole approximation in [1]. The resulting expression may be compactly expressed as

LM (✏, t) =

LM
CKS
(✏) =

X

X

LM
CKS
(✏)AK
0S (t)

(4.4)

⇣⇣ 0 LM
K0S ,

(4.5)

KS

D⇣ (✏)D⇣⇤0 (✏)

⇣⇣ 0

where we have explicitly set Q = 0. The daunting number of subscripts and superscripts
in these equations (resulting from several tensor products of irreducible representations of
SO(3) [1]) primarily represent the angular momenta involved in the problem. We first note
that in Equation 4.4, much like in Equation 4.2, the time dependence of the

LM (✏, t)

is

LM
entirely contained in the ADMs as expected. The energy dependent coefficients CKS
(✏)

couple K and S to the angular momentum of the ejected electron L and its projection on the
molecular z axis. The coupling is facilitated by a coupling parameter we designate
The full equation of

⇣⇣ 0 LM
K0S

=

Xp
P

⇣⇣ 0 LM
KQS

⇣⇣ 0 LM
KQS .

is given below, with more detail found in the Appendix:
0

10

1

B1 1 P C B P K L C
2L + 1( 1)K ( 1)P (2P + 1) @
A@
A
0 0 0
M 0 M
0
10
1
P CB P
K
L
B1 1
C
( 1)q @
A@
A
q
q0 q0 q
q0 q
S S + q q0
0
1
0
p
B l l LC µhl
0
(2l + 1)(2l0 + 1) @
A B 0 µ0 h0 l0 (L, S, q, q ),
0 0 0
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(4.6)

Here

⇣⇣ 0 LM
KQS

is summed over possible values of the photon angular momentum P = 0, 1 or

2 and its projection on the molecular axis,

q. Here q and q 0 are spherical compo-

q = q0

nents of the electronic dipole moment operator as discussed below. The remaining label ⇣
pertains to basis or channel functions used to represent the photoionization process seen in
the formalism in [1]. The ⇣ labels consist of three parts: ⇣ + = ⌫↵+ where ↵+ labels vibrational and electronic states of the ionic core, ⇣dip = q =

1,0 or 1, the spherical component

of the electronic dipole moment operator which facilitates ionization, and ⇣f = ,µ,h,l labels the basis functions used to construct the wave function of the ionized electron. This
electronic wavefunction, defined exclusively in the MF, appears in expressions for both the
LF and MFPADs, and thus is the key to linking the two. In order to interpret the label ⇣f ,
we need to analyze the form of this wavefunction, which is written as
(r0e , ✏; R) =

X

Xhlµ⇤ (✓e0 ,

µhl

Xhlµ (✓e0 ,

0
e)

=

0
e)

X

0
µhl (re , ✏; R),

bhlµ Yl (✓e0 ,

Here, R represents the nuclear coordinates, re0 , ✓e0 ,
the MF, and ✏ its energy. Further, Xhlµ (✓e0 ,

0
e)

0
e

(4.7)

0
e ).

(4.8)

are coordinates of the electron in

are symmetry adapted harmonics, a super-

position of spherical harmonic functions Yl (✓e0 ,

0
e ).

harmonic functions form a basis for the representation

In this case, the symmetry adapted
of the molecular point group, the

group of all allowed symmetries of the molecule. In other words, a point group is the set
of all reflections, rotations, and inversions (including the possible combinations of these
operations) that can be carried out without changing the shape of a molecule. It is important to note that these transformations are only carried out with respect to the real part of
the molecular wavefunction. In our case, the wavefunctions Xhlµ (✓e0 ,

0
e)

are complex and

can pick up a phase as a result of any of these transformations. Collectively, this results in
numerous representations of the same point group by which quantum states of the molecule
can be classified. In the ionization process, wavefunctions of different symmetry represen43

tations can mix, causing “channel mixing”.

Additionally, in Equation 4.8, µ and h are corresponding symmetry labels that replace ,
the projection of l on the z-axis, when cylindrical symmetry is lost, while accounting for
any remaining degeneracy. For a linear molecule,

is a conserved quantity and the la-

bels µ and h are no longer needed. Given this equation, we can interpret l as the orbital
angular momentum of the ejected electron in the molecular frame. This is, however, not
a good quantum number in the region of the nascent ion core. Good quantum numbers
describe values of conserved quantities. Thus, since l is not a good quantum number, we
know that orbital angular momentum of the ejected electron in the molecular frame is not
separately conserved. This lack of conservation is due to that fact that interaction potential
energy between the molecular ion and the outgoing electron is not spherically symmetric. Physically, this means that angular momentum can be exchanged with the potential
during ionization/electron scattering. Thus, in our case, the initial bound state orbital is
usually described by a superposition of many l terms. In the observable, the mixing of
pairs of channels labeled by l and l0 , leads to the lab frame angular momentum L with
values |l

l0 |, |l

l0 + 1|, ..., |l + l0

1|, |l + l0 |. The function performed by

⇣⇣ 0 LM
K0S

is

to simultaneously couple K, S, l and l0 into a single lab frame angular momentum L. It
performs the same function with respect to the relevant projections of each of these angular
momenta. This connection between the scattering channels and the LF angular momentum
will be imperative in the following section in which a connection between the LF and MFPADs is derived.

With this, we can finally identify the quantities D⇣ (✏) in Equation 4.5 as the matrix elements of irreducible components of the MF electronic dipole operator, between the ground
electronic state and a continuum channel function labeled by ⇣. We designate the set of
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products D⇣ (✏)D⇣ 0 (✏)⇤ as d⇣⇣ 0 and rewrite Equation 4.5,
LM
CKS
(✏) =

X

d⇣⇣ 0 (✏)

⇣⇣ 0 LM
K0S .

(4.9)

⇣⇣ 0

LM
As shown in the next section, these coefficients CKS
represent the coefficients C lab in

Equation 4.1, which can be extracted by measurements of time varying LFPADs from a rotational wavepacket. The ADMs in Equation 4.4 can be accurately simulated for the electronic ground in the rigid rotor approximation, provided the experimental conditions are
LM
well known [22, 23, 24]. Therefore, the coefficients CKS
can be extracted uniquely from

a measurement of the

LM (✏, t)

by linear regression under appropriate experimental con-

ditions. This procedure has been demonstrated and analyzed by several other authors for
different molecules and experimental conditions in several contexts including one-photon
ionization [22, 24, 25, 26, 27, 28, 29]. Therefore, for the remainder of the reconstrucLM
tion protocol developed herein, we will start with the assumption that the CKS
have been

reliably extracted from an experimental measurement. As detailed in the previous publications, the number of coefficients extractable depends on the number of rotational states
excited by the pump pulse, since a larger spread of coherently excited J states enhances
the contribution of the higher K ADMs [1, 24].

Next, we need to identify the molecular frame coefficients C mol , and derive the equivalent
of Equation 4.1 that will allow reconstruction of MFPADs using the extracted coefficients
LM
CKS
.

4.0.2

Ionization in the Molecular Frame

In the MF, the PAD depends on energy, the MF ejection angles of the electron ✓e0 , and

0
e,

and the relative orientation angles between the molecule and the laser polarization ( , ✓, ).
These are the standard Euler angles as in Equation 4.2, describing the orientation of a
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rigid body in the LF, and map to angles of the polarization vector in the MF. For linearly
polarized light, ✓ and

are the spherical polar and azimuthal angles of the polarization

vector in the MF [23]. The MFPAD can be expanded in a basis set of spherical harmonics,
giving the equivalent to Equation 4.3 as follows
(✏, , ✓, , ✓e0 ,

0
e)

=

X

LM (✏,

, ✓, )YML (✓e0 ,

0
e)

(4.10)

LM

The MF equivalent of Equation 4.4 and Equation 4.5 can be written as

LM (✏, , ✓, ) =

X

(4.11)

P
CPLM
R (✏, q)DR q ( , ✓, )

PR q

CPLM
R (✏, q) =

X

d⇣⇣ 0 (✏)

⇣⇣ 0 LM
PR q

(4.12)

⇣⇣ 0

Note that the value of

q is fixed in the sum over ⇣ and ⇣ 0 in Equation 4.12, instead of

taking all allowed values as in Equation 4.4 (see Appendix for further details).

In the MF, R is the projection of P on the polarization axis; thus, it can take the values
R=

P...P . For linearly polarized light, R = 0. Additionally,

q is the projection of P

P
on the MF axis. As in Equation 4.2, the DR
q ( , ✓, ) in Equation 4.10 are elements of

the Wigner D matrix, which are analytically known irreducible representations of SO(3).
Thus, if the CPLM
R (✏, q) can be somehow determined from the experimental measurement
LM
of CKS
( Equation 4.5, Equation 4.9), the

LM (✏,

, ✓, ) can be determined providing the

P
MFPAD, Equation 4.10. The DR
q ( , ✓, ) and, by extension, the angular momentum of

the ionizing photon determine the orientation angle dependence of the MFPADs. The shape
for a particular orientation, characterized by the anisotropy parameters

LM (✏,

, ✓, ), is

determined solely by channel mixing driven by the molecular potential experienced by the
ejected electron. Here a singular channel is signified by ⇣. Thus, channel mixing is seen in
the sum over two separate channels ⇣ and ⇣ 0 .
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This channel mixing is codified in Equation 4.12 by both the ionization dipole product
d⇣⇣ 0 (✏), which are the same as in Equation 4.9, and the MF coupling parameter
In this case the allowed values are L = |l

l0 |, |l

l0 + 1|, ..., |l + l0

⇣⇣ 0
P R q.

1|, |l + l0 |, deter-

mined by a given pair of partial wave channels l and l0 . Note that unlike in the LF where
L must be additionally determined by the sum of the ionizing photon angular momentum
and the rotational wavepacket angular momentum K, there is no additional restriction on
L in MF. Physically, this is simply due to the lack of any restriction on the observable
spatial anisotropy in the MF, while the LF result corresponds, in essence, to the averaging
of the MF result over all molecular axis alignments, as defined by the angular momentum
coupling detailed in subsubsection 4.0.1.2. As discussed in the introduction, the MFPAD
directly conveys information on molecular structure and symmetry.

mol
The coefficients CPLM
in Equation 4.1
R (✏, q) in Equation 4.12 are the coefficients C

that we would like to be able to extract from experimental data, specifically from the coLM
efficients CKS
in Equation 4.9. In the following section we show that an equation like

Equation 4.1 exists allowing this extraction for inversion symmetric molecules with a vertical and horizontal mirror plane.
4.0.3

From the Lab Frame to the Molecular Frame

LM
To make a connection between the CKS
in the LF and the CPLM
R q , we must return to the

experimentally relevant equations, Equation 4.4 and Equation 4.9, starting with the latter.
LM
This equation relates the CKS
to products of ionization transition dipole moments from the

ground electronic state into the scattering channel d⇣⇣ 0 . We note that these are complex in
general, and to emphasize this we write the d⇣⇣ 0 in terms of their amplitudes and phases as
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d⇣⇣ 0 = |d⇣⇣ 0 |ei

⇣⇣ 0

LM
CKS
=

. Noting that d⇣ 0 ⇣ = d⇤⇣⇣ 0 , Equation 4.9 can be written as

X

d⇣⇣

⇣⇣LM
K0S

+

X

⇣⇣ 0 <⇣

⇣

|d⇣⇣ 0 |

⇣

⇣⇣ 0 LM i
K0S e

⇣⇣ 0

+

⇣ 0 ⇣LM
i
K0S e

⇣⇣ 0

⌘

(4.13)

.

Further, the following general relation can be derived by permutation of ⇣ and ⇣ 0 (cf. Appendix A):
⇣ 0 ⇣LM
K0S

= ( 1)K

S

(

⇣⇣ 0 LM ⇤
K0 S )

(4.14)

Equation 4.13 can then be recast as
LM
CKS

=

X
⇣

d⇣⇣

⇣⇣LM
K0S

+

X

⇣⇣ 0 <⇣

|d |
⇣⇣ 0

⇣

⇣⇣ 0 LM i
K0S e

⇣⇣ 0

+ ( 1)

K S

(

⇣⇣ 0 LM ⇤
i
K0 S ) e

⇣⇣ 0

⌘

. (4.15)

LM
Provided that a sufficient number of CKS
are extracted from an experimental measurement,

one may attempt to extract several |d⇣⇣ 0 | and their associated phases using this equation. We
note, however, that in general a unique solution to this problem is not attainable since Equation 4.13 represents a more difficult version of the restricted phase problem encountered in
coherent diffractive imaging [30] or ultrafast pulse measurement [31]. In the usual restricted phase problem, the magnitudes of a set of complex numbers are directly measured
and the relative phases between them are extracted by applying appropriate restrictions to
the data during the extraction. Here, we cannot directly measure the magnitudes |d⇣⇣ 0 |,
and must instead extract both these and their associated phases from a measurement of the
LM
CKS
. Solving this problem constitutes a complete molecular photoionization experiment,

for which a unique solution has been attained in few select cases by applying restrictions
due to molecular symmetry combined with careful numerical and statistical analysis [24,
32, 33, 34, 35, 36]. Instead, we tackle the reduced questions: what information can we
LM
uniquely determine from a measurement of the CKS
, and is this information sufficient to

construct the MFPAD for photoionization by linearly polarized light? Note that, as discussed above, the MFPAD still directly provides information on molecular structure and
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symmetry since the channel mixing that determines its shape is driven by the molecular
potential experienced by the ejected electron. A means to retrieve MFPADs without the
necessity of a “complete” photoionization methodology - including the challenge of a full
matrix element (phase retrieval) procedure [37] - is therefore desirable.

To tackle the above question, we now turn our attention to Equation 4.4 for the measured
LM (✏, t)

and investigate the connection between d⇣⇣ 0 and experimental data. As discussed

in previous articles on the rotational dynamics of asymmetric tops, see [23, 38, 39, 40] for
details, inversion symmetry in the LF and the presence of a vertical mirror plane in the MF
ensures that only ADMs of even K and S are excited, that the ADMs are real, and that
K
AK
0S (t) = A0 S (t). Equation 4.4 then becomes

L0 (✏, t) =

X

L0
CK0
(✏)AK
00 (t) +

KS=0

By measurement of the

X

(4.16)

L0
L0
K
CKS
(✏) + CK
S (✏) A0S (t).

KS>0

L0 (✏, t)

L0
L0
for a fixed photoelectron energy, the CKS
(✏) + CK
S (✏)

can be determined uniquely by linear regression if the experimental parameters are known
and the AK
0S (t) can be accurately simulated [25, 28]. Using Equation 4.14, the general
⇣ 0 ⇣LM
K0S

LM
relationship, and Equation 4.13 for CKS
, we get

X
1 L0
L0
CKS + CK
x⇣⇣
S =
2
⇣
L0
Now defining C̄KS
=

1
2

L0
C̄KS

⇣⇣L0
K0S

X

+

⇣⇣ 0 <⇣

x⇣⇣ 0

⇣

⇣⇣ 0 L0
K0S

+

⇣ 0 ⇣L0
K0S

⌘

.

(4.17)

L0
L0
CKS
+ CK
S , Equation 4.17 becomes:

=

X
⇣

x⇣⇣

⇣⇣L0
K0S

+

X

⇣⇣ 0 <⇣

x

⇣⇣ 0

⇣

⇣⇣ 0 L0
K0S

+

⇣ 0 ⇣L0
K0S

⌘

.

(4.18)

The left hand side of this equation is a measurable number, and the right hand side is linear
in the real parameters x⇣⇣ and x⇣⇣ 0 = |d⇣⇣ 0 | cos
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⇣⇣ 0 .

Thus, Equation 4.18 can be reduced

to a simple matrix equation,
⇣⇣ 0 LM
K0S x⇣⇣ 0 .

C̄LM
KS =

(4.19)

Solving this equation for x⇣⇣ 0 results in the following expression,
x⇣⇣ 0 = (

⇣⇣ 0 LM + LM
K0S ) C̄KS

(4.20)

Designated by +, we use the numerical Moore-Penrose inverse of
reduced singular value decomposition of

⇣⇣ 0 LM
K0S ,

⇣⇣ 0 LM
K0S ,

found by the

a well-known mathematical procedure

[41]. Equation 4.19 is a single mathematical statement of the information content of the
measurement. It tells us which pairs molecular frame scattering channels ⇣ and ⇣ 0 interfere
to produce a LF anisotropy parameter

LM .

Equation 4.20 inverts this equation to pro-

vide the smallest vector magnitude, least-squares solution for x⇣⇣ 0 for an experimentally
measured C̄LM
KS vector [41]. We note here that this is by no means a unique inversion,
since in general the number of interfering scattering channels will far outnumber the coLM
efficients C̄KS
. However, this does not matter provided that we can find a similar matrix

equation linking x⇣⇣ 0 to the MF coefficients CPLM
R (✏, q). We can then substitute for x⇣⇣ 0
using Equation 4.20, eliminating x⇣⇣ 0 from the problem.

For this purpose, we now examine Equation 4.12 for the desired coefficient CPLM
R (✏, q)
in the MF. Again, we write the d⇣⇣ 0 in terms of their amplitudes and phases as d⇣⇣ 0 =
|d⇣⇣ 0 |ei

⇣⇣ 0

. Noting that d⇣ 0 ⇣ = d⇤⇣⇣ 0 , Equation 4.12 can be written as

CPLM
R (✏,

q) =

X
⇣

d⇣⇣

⇣⇣LM
PR q

+

X

⇣⇣ 0 <⇣

|d |
⇣⇣ 0
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⇣

⇣⇣ 0 LM i
PR q e

⇣⇣ 0

+

⇣ 0 ⇣LM
i
PR q e

⇣⇣ 0

⌘

.

(4.21)

⇣⇣ 0 LM
PR q

Using a general relation, derived from the behavior of

under permutation of the

indices ⇣⇣ 0 (cf. Appendix):
⇣ 0 ⇣LM
PR q

= ( 1)

q M

(

⇣⇣ 0 L M ⇤
PR
q)

(4.22)

Equation 4.21 can be expressed as
CPLM
R (✏, q) =

X

d⇣⇣

⇣⇣LM
PR q +

X

⇣⇣ 0 <⇣

⇣

|d⇣⇣ 0 |

⇣

⇣⇣ 0 LM i
PR q e

⇣⇣ 0

+ ( 1)

q M

(

⇣⇣ 0 L M ⇤
i
PR
q) e

⇣⇣ 0

⌘

.

(4.23)

This is the MF equivalent of Equation 4.15. We now seek a relation similar to Equation 4.19, which relates the CPLM
R (✏, q) to the parameters x⇣⇣ 0 . To progress from Equation 4.15 to Equation 4.20, we require that the molecule have a mirror plane. Similarly, to
progress from Equation 4.21, we restrict ourselves to inversion symmetric molecules with
a horizontal plane. We are thus restricted to molecules with Dnh point group symmetry.

For such molecules, we find that (cf. Appendix B)
M
CPLM
0 (✏, q) = ( 1)

q

CPL0 M (✏,

(4.24)

q).

This equation holds for any inversion symmetric molecule with a horizontal mirror plane,
ionized by linearly polarized light. Using Equation 4.23 and the identity given in EquaM
tion 4.24, we add CPLM
0 (✏, q) to ( 1)

CPLM
0 (✏, q) =

X

x⇣⇣

q

⇣⇣LM
P0 q

CPL0 M (✏,
+

X

x⇣⇣ 0 (

q) and simplify to get:
⇣⇣ 0 LM
P0 q

+

⇣ 0 ⇣LM
P0 q )

(4.25)

⇣⇣ 0 <⇣

⇣

Writing Equation 4.25 as a matrix equation gives
CLM
P 0 (✏, q) =
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⇣⇣ 0 LM
P 0 q x⇣⇣ 0 .

(4.26)

Using Equation 4.20 for x⇣⇣ 0 in Equation 4.26 gives
0

0

LM P q L M
CLM
P 0 (✏, q) = GL0 M 0 KS C̄KS .

(4.27)

This equation is a key result of this thesis, of the desired form ( Equation 4.1) connect0

0

ing the experimentally accessible coefficients in the vector C̄LKSM to the set of coeffeLM P q
cients CLM
P 0 (✏, q) which can be used to construct the MFPAD. We denote GL0 M 0 KS =
⇣⇣ 0 LM
P0 q (

⇣⇣ 0 L0 M 0 +
) ,
K0S

P q
again using the Moore-Penrose inverse. GLM
L0 M 0 KS is a known matrix

connecting the LF to the MF for any inversion symmetric molecule containing a horizontal
and vertical mirror plane, rotationally excited by a linearly polarized pump-pulse. The elP q
0
0
ements of GLM
L0 M 0 KS couple a particular L M in the LF to a LM in the MF, automatically

finding sets of interfering ionization channels ⇣ and ⇣ 0 that contribute to both a particular
L0 M 0

in the LF and a

LM

P q
in the MF. Thus, non-zero rows in GLM
L0 M 0 KS , corresponding to

P q
a set of LM P q, indicate retrievable sets of CPLMq . If GLM
L0 M 0 KS is of full rank (in other

words, if the set of linear equations Equation 4.27 are consistent), then all such CPLMq can
be uniquely determined as can, therefore, the corresponding

LM

in the MF and thus the

MFPADs. If not, then a least squares solution of Equation 4.27 can be obtained [41], and
the resulting MFPADs can be compared with calculated MFPADs to determine the reliability of the solution, or compared with the constraint of the experimental observables. In
the next chapter, we numerically demonstrate the reconstruction procedure using Equation 4.27 for the D1h molecule N2 and the D2h molecule C2 H4 .
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CHAPTER 5
MOLECULAR FRAME RECONSTRUCTION

With Equation 4.27 in hand, we can outline a MFPAD reconstruction procedure for molecules
with Dnh point group symmetry. In Figure 5.1 we summarize this procedure, starting
from the experimentally measured, time-resolved LFPADs. These measurements originate from an evolving rotational wavepacket excited by a linearly polarized, non-resonant
pump-pulse. The time resolved anisotropy parameters

L0 (t)

determined from this data

L0
can be fit to uniquely determine the LF coefficients CKS
[22, 24, 25, 26, 27, 28, 29]. In
L0
lieu of experimental data, we directly calculate the CKS
using Equation 4.9,

L0
CKS
=

X

d⇣⇣ 0

⇣⇣ 0 L0
K0S

⇣⇣ 0

In order to carry out this calculation, we need the product of ionization dipole matrix elements d⇣⇣ 0 = D⇣ D⇣⇤0 . Our collaborator Dr. Paul Hockett calculated these ionization dipole
matrix elements using the ePolyscat ionization code [42, 43], which provides physically
realistic values.

In the following numerical demonstrations, we start with these calculated LF coefficients
L0
CKS
and apply Equation 4.27 to get the MF coefficients CPLM
0 (✏, q), which allow recon-

strction of the MFPADs via Equation 4.11 and Equation 4.22. We can also calculate the
MFPADs directly from the dipole matrix elements using Equation 4.12, Equation 4.11
and Equation 4.22. We can then compare these directly calculated MFPADs to those reL0
constructed from the LF coefficients CKS
using Equation 4.27 to test the reliability of the
P q
method. To use Equation 4.27, we also need to calculate the numerical matrix GLM
L0 0KS ,

which we can do using the analytical equations Equation A.1 and Equation A.4 (cf. Ap-
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Figure 5.1: A flow chart summarizing the MFPAD reconstruction method starting from
experimental data.
pendix A) for the LF and MF coupling parameters

⇣⇣ 0 L0
K0S

and

⇣⇣ 0 LM
P0 q .

In fact, this matrix

determines which CPLM
0 (✏, q) can be determined and, in turn, which MFPADs can be deP q
termined. As we see below, in some cases GLM
L0 0KS has rows that are entirely zero. This

prevents the extraction of the corresponding CPLM
0 (✏, q) and therefore the corresponding
LM

5.0.1

in the MF. This limits the MFPADs that can be extracted using this method.
Results for D1h Symmetry

A molecule with D1h symmetry in the ground state constitutes a linear rigid rotor. For
such a molecule, which is cylindrically symmetric, S = 0 and we adhere to the convention
= 0 [21]. Additionally, the MFPAD is independent of the azimuthal orientation angle
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Symmetry
u
u

⇡u
⇡u

l
1
3
1
3

0
0
⌥1
⌥1

bhlµ
1
1
0.7071
0.7071

q
0
0
±1
±1

D⇣
1.9200 + 1.5840i
2.4750 + 1.0362i
1.1605 0.4746i
1.5866 0.2253i

Table 5.1: Symmetrized matrix elements N2 . For N2 , a molecule with D1h symmetry, the ionizing transition is from the ground state N2 (X 1 ⌃+
g ) to the ground ionic state
N2+ (X 2 ⌃+
).
For
this
transition,
the
ejected
electron
can
only
be found in the u or ⇡u
g
state.
due to cylindrical symmetry, which we set to zero. Here, we attempt to retrieve MFPADs
for ionization of N2 from its neutral ground electronic state, producing photoelectrons with
✏ =7.6 eV by one-photon ionization. This choice is based on previous work [24] in which a
complete experiment was performed for the same continuum channel at this photoelectron
energy, using a RWP in the ground state.

To numerically demonstrate our methodology, we first calculated the CPLM
R (✏, q) from
values of D⇣ (✏), calculated using ePolyscat code at ✏ = 7.6 eV [42, 43]. We provide
these values for each ionization channel (

u

and ⇡u ) in Table 5.1, along with quantum

numbers that specify each ionization channel and the values for bhlµ for each channel (cf.
Equation 4.8). The values of bhlµ were determined using the projection operator, from representation theory, and the character table for the D1h point group. Each row in Table 5.1
corresponds to one of the wavefunctions Xhlµ (✓e0 ,

0
e)

in Equation 4.8. We limited l to a

maximum value of 3, resulting in values of L up to L = 6. The resulting MFPADs calculated directly from the D⇣ at ✏ = 7.6 eV for ✓ = 0 , 45 and 90 are shown in Figure 5.3
(a),(b), and (c), respectively. In this figure, the larger lobes indicate a greater number of
ejected electrons in that direction. (We note that adding an additional partial wave channel
with l = 5 changes the calculated MFPADs by at most 3%.)

We then carried out the retrieval by first calculating
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⇣⇣ 0 LM
P0 q

and

⇣⇣ 0 LM
K0S ,

and using them to

P q
Figure 5.2: Values of GLM
L0 M 0 KS matrix elements for N2 , for the ionizing transition from the
+
2 +
ground state N2 (X 1 ⌃+
g ) to the ground ionic state N2 (X ⌃g ).
0

0

0

0

P q
LM
LM
build GLM
L0 M 0 KS . Since S = 0 for a linear molecule, C̄K00 = CK00 in Equation 4.27. FigP q
0
0
ure Figure 5.2 shows the rows of GLM
L0 0KS with their corresponding LM P q and L M K

(M 0 = 0 due to cylindrical symmetry as previously discussed) values, for allowed terms
up to l = 3. From the figure, it is seen that for N2 , rows corresponding to M =

q=1

P q
in GLM
L0 M 0 KS are entirely zero. This indicates that there are no equations linking these MF
0

L0
CPLM
0 (✏, q)s to any LF CK0 (✏)s, rendering them irretrievable. Removing these leaves
0

L0
eleven CK0
(✏) and eleven CPLM
0 (✏, q), implying a consistent system of liner equations,

Equation 4.27, with one independent linear equation for each unknown CPLM
0 (✏, q). It
is therefore possible to retrieve these eleven CPLM
0 (✏, q) uniquely. With these we expect to only retrieve the MFPADs at ✓ = 0 and 90 since

q = 1 coefficients do not

contribute at either orientation due to the following properties of the Wigner matrix elements, which appear in equation Equation 4.10 for the MFPAD: D0P q (0, 0, 0) =

0 q

P
and D01
(0, ⇡/2, 0) = 0. Within these constraints, Equation 4.27 was used to retrieve
0

L0
CPLM
0 (✏, q) staring with calculated LF coefficients CK0 (✏). Equation 4.11 and Equa-

tion 4.10 were then used to construct the retrieved MFPADs. Figure 5.3 (d),(e), and (f)
show the resulting MFPADs for light polarized along the z axis, at ✓ = 45 with respect to
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Figure 5.3: Calculated (a,b,c) and Retrieved (d,e,f) MFPADs for N2 with light polarized
along the z axis, at ✓ = 45 with respect to the z axes, and along the x axis respectively.
The MF is shown alongside, with x, y and z axes corresponding to those in the MFPAD
plots.
the z axes, and along the x axis respectively (note that for a cylindrically symmetric case,
i.e. D1h , any polarization direction in the (x, y) plane is equivalent). As is evident, we are
only able to exactly reproduce the MFPADs for light polarized along the z and x axes from
0

L0
the LF CK0
, as expected. Physically, it is interesting to note that the missing information

in this case corresponds to the phase difference (hence interference) between the

u

and

⇡u continua, which is restricted due to the symmetry of the problem. As previously mentioned, this is less information than available from a complete experiment, which has been
performed for this case in [24], permitting all MFPADs to be retrieved. However, no similar retrieval has been demonstrated for a polyatomic molecule, to which our methodology
is easily extended, as shown by the results in the next section.
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Symmetry
Ag
Ag
Ag
B1g
B2g

l
0
2
2
2
2

bhlµ
1
1
[0.7071, 0.7071]
[ 0.7071, 0.7071]
[ 0.7071, 0.7071]

0
0
[ 2, 2]
[ 2, 2]
[ 1, 1]

q
⌥1
±1
⌥1
±1
0

D⇣
±(1.4827 1.8389i)
±(1.7666 + 1.1582i)
±(2.6519 + 1.3927i)
2.1671 + 1.7278i
1.1444 + 0.0000i

Table 5.2: Symmetrized matrix elements for C2 H4 . For C2 H4 , a molecule with D2h symmetry, we transition from the ground state of C2 H4 (1 Ag ) to the ground state (2 B3u ) of
C2 H4+ . For this transition, the ejected electron can be found in the Ag , B1g , or B2g states.
5.0.2

Results for D2h Symmetry

We choose C2 H4 as an example of a molecule with D2h symmetry (rectangular symmetry), and retrieve MFPADs for the X 1 Ag ! X 2 B3u ionization channel at a photoelectron
energy of 1 eV. For D2h , S is even and the MFPADs are

dependent, but still indepen-

dent of the azimuthal angle , as only linearly polarized light is considered, implying that
0

0

L0
L0
M = 0 in the LF. For C2 H4 , we find by numerical calculation that CKS
=CK
S and as a
0

0

L0
L0
result that C̄KS
= CKS
. Calculations were carried out using a max l value of l = 2. Ta-

ble 5.2 shows the possible symmetries of the ejected electron and the corresponding values
of bhlµ . In this table, the corresponding values of D⇣ (✏) were calculated using ePolyscat
0

L0
with ✏ = 1 eV. This results in eighteen CKS
and twenty-seven CPLM
0 (✏, q), and no zero
P q
rows in the GLM
L0 M 0 KS . If the system of linear equations represented by Equation 4.27 were

consistent, the CPLM
0 (✏, q) would be uniquely retrievable. However, since there is a larger
0

L0
LM
number of CPLM
0 (✏, q) than CKS , we cannot uniquely determine the CP 0 (✏, q).

Nonetheless, solving Equation 4.27 by the Moore-Penrose inverse provides a least-squares
0

L0
fit of the CKS
such that the retrieved vector CLM
P 0 (✏, q) has the smallest possible norm [41].

This then still allows the construction of all possible MFPADs which can be checked
against MFPADs calculated directly from the ionization dipole matrix elements. Figure 5.4
and Figure 5.5 compare the calculated MFPADs to the retrieved MFPADs for different polarization geometries in the MF. Figure 5.4 shows the MFPADs for light polarized along
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Figure 5.4: Calculated (a,b,c) and Retrieved (d,e,f) MFPADs for C2 H4 light polarized along
the z, x, and y axes, respectively. The MF is shown alongside attached to a ball and stick
diagram of the ground state molecular geometry. The x, y and z axes correspond to those
in the MFPAD plots.
the x, y, and z molecular axes. It is noted that for ✓ = 0 , the MFPADs do not depend
on the value of . In Figure 5.5 we plot the MFPADs for light polarized in the xy and
zy planes. Though small differences are evident, in each case it is seen that the retrieved
MFPADs closely resemble the calculated MFPADs of the same orientation.

The limit of l = 2 here, restricting L to 4, is intended to limit K to a potentially experimentally achievable maximum value of 6 [25, 28]. The width of the rotational wavepacket
excited by the pump pulse, quantified by its angular momentum K, therefore limits the
resolution of the retrieved MFPAD. We note that adding an additional partial wave channel
with l = 4 does not qualitatively affect the shape of the MFPADs, the most significant effect
being at the node of the x polarized PAD. A potential route to improve the retrieval would
be to break symmetry in the LF by using an elliptically polarized pump pulse. Breaking
0

0

LM
cylindrical symmetry increases the number of CKQS
, since M 0 and Q are no longer zero in

the LF, while leaving the number of CPLM
0 (✏, q) unchanged in th MF. This could provide
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Figure 5.5: Calculated (a,b) and Retrieved (c,d) MFPADs for C2 H4 light polarized in the
xy plane and zy plane, respectively. The MF is shown alongside attached to a ball and stick
diagram of the ground state molecular geometry. The x, y and z axes correspond to those
in the MFPAD plots.
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a better least-squares retrieval or potentially a consistent set of equations in Equation 4.27,
resulting in a unique solution for CLM
P 0 (✏, q). However, the form of the
P q
6
0
therefore GLM
L0 M 0 KS must be re-derived for this case, with Q = 0 and M 6= 0.
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0

⇣⇣ 0 LK0S

and

CHAPTER 6
SUMMARY AND CONCLUSION

In this thesis, we have examined the effects of electronic and rotational coherences on
molecular dynamics. This work was motivated by the fact that molecular dynamics are
driven by coherences. As a result, the calculation and interpretation of electronic and rotational coherences is vital to creating a full picture of the quantum mechanical behavior of
molecules.

In the case of electronic coherences, we calculated the values of the off diagonal density
elements ⇢↵↵0 v↵ v↵0 0 (⌦, t). Thus, determining at which time and what angle the electronic
coherences in the molecular frame contribute to the laboratory frame. This derivation depends upon the calculation of the Electronic Angular Distribution Moments (EADMs),
which determine the shape of electronic coherneces in the laboratory frame. In order to
do this, we began with an understanding of the energy levels of a rigid rotor as eigenstates
of the molecular rotational Hamiltonian. Specifically, we focused on the energy levels of
the moleucle amino nitrostillbene. From there, we determined the matrix elements of the
asymmetric top Hamiltonian in the symmetric top basis. These matrix elements enabled
0

JM ⌧
n
n
the further calculation of CK
and EJ⌧
M and thus, the value of aJ 0 ⌧ 0 M 0 , the excitation

amplitude of states in the |J⌧ M i basis, and the density matrix elements in the |J⌧ M i basis
⇢!n !n0 0 (n, n0 ; t). Finally, using the ⇢!n !n0 0 (n, n0 ; t) and the AMCOs AK
QS , we calculate the
EADMs and plot the resulting probabilities ⇢↵↵0 v↵ v↵0 0 (⌦, t).
We repeated these calculations for three different sets of transitions between rotational
states: 1 to 6, 1 to 4, and 4 to 6. The results are seen, in terms of ✓ and , in Figure 3.3
through Figure 3.8. We give both the real and imaginary parts of the ⇢↵↵0 v↵ v↵0 0 (⌦, t), as
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both contribute to the shape. For each set of transitions between electronic states, peaks are
seen at specific times and angles. This suggests alignment of molecular frame coherences
and allows us to track coherences over time, noting that the changes seen in the laboratory
frame plots are due to electronic motion in the molecular frame.

Using rotational coherences, we developed a mathematical protocol to reconstruct molecular frame photoelectron angular distributions from laboratory frame measurements for
polyatomic molecules. In this case, an electron is excited by multiple photons through
Raman excitation and ejected by a “probe” pulse. We start our formalism with the timeresolved measurements of the LFPADs generated as a result of this process. Such a measurement provides the coefficients, the Clab in Equation 4.1. We then reduced Equation 4.1
using symmetry arguments, solving the resulting system of linear equations for the coefficients Cmol and obtaining the MFPADs.

These derivations were carried out for two different molecules N2 and C2 H4 , representing
the molecular symmetries D1h and D2h , respectively. The results, calculated for different
orientations ✓ with respect to the z axis, are seen in Figure 5.3, Figure 5.4, and Figure 5.5.
From these figures, it is concluded that this method can reliably reconstruct the MFPADs
for a polyatomic molecule.

Taken together, the results of this thesis demonstrate the crucial role of angular momentum
coherences in molecular dynamics. We anticipate that these results will motivate further
studies in this direction. For instance, in this thesis we neglected the vibrational dynamics
of the molecule. However, the AMCOs can also be used to examine the role of angular
momentum when a molecule vibrates. We anticipate that future studies will focus on this
problem.
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Appendices

APPENDIX A
DERIVATION OF PERMUTATION IDENTITIES FOR THE COUPLING
PARAMETERS

⇣⇣ 0 LM
K0S

As mentioned previously in chapter 4, the

parameter, first seen in Equation 4.5, is

expanded below:

⇣⇣ 0 LM
K0S

0

=

Xp
P

2L + 1( 1)K+P +q (2P + 1)

10

10

B1 1 P C B P K L C B1
@
A@
A@
0 0 0
M 0 M
q

µlh
0 µ0 l 0 h 0

(L, S, q, q 0 ) =

µhl
0 µ0 h 0 l 0

X
0

1

1

P CB P
K
L
C
A@
A
q0 q0 q
q0 q
S S + q q0
0
1
0
p
B l l LC µhl
0
(2l + 1)(2l0 + 1) @
A B 0 µ0 h0 l0 (L, S, q, q ), (A.1)
0 0 0

In Equation A.1, the term B

B

10

(L, S, q, q 0 ) contains the sum over
0

0 B l
( 1) @

l

0

L

0

S+q

q0

1

and

C µ 0 µ0 ⇤
A bhl bh0 l0 0 .

0

.

(A.2)

It is from the Wigner 3j symbols contained in Equation A.1 and Equation A.2 that the LF
selection rules presented in chapter 4 are determined. Using the behavior of the Wigner 3j
symbol under odd permutation of the columns, time reversal, and that its second row sums
to zero Equation A.2, the following can be determined:

B

0 µ0 l 0 h 0
0
µlh (L, S, q , q)

= ( 1)

S q 0 +q

B

µlh⇤
0 µ0 l 0 h0

(L, S, q, q 0 )

(A.3)

This and the permutation identities for the 3j symbols lead to the general relation given in
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Equation 4.14.

The parameter

⇣⇣ 0 LM
P q

⇣⇣ 0 LM
P q

=

introduced in Equation 4.5 can be written out as

p

10
1
P C B1 1 P C
A@
A
q
0 0 0
1

1
0 B1
2L + 1(2P + 1)( 1)q @
q
q0
0
0
p
B l l LC
(2l + 1)(2l0 + 1) @
AB
0 0 0
µlh

In this case, the term B

B

0

0 µ0 l 0 h 0

(L, M ) contains the sum over

µlh
0 µ0 l0 h0 (L, M )

=

X
0

0

Bl
( 1) @

l0
0

µlh

0 µ0 l 0 h0

and
1

0

(A.4)

(L, M ),

:

L C µ 0 µ0 ⇤
A bhl bh0 l0 0 .
M

(A.5)

The MF selection rules given in chapter 4 originate from the Wigner 3j symbols given
in Equation A.4 and Equation A.5. Like with Equation A.2, we use Equation A.5, the
behavior of the Wigner 3j symbol under odd permutation of the columns, time reversal, and
that its second row sums to zero to determine:

B

0 µ0 l 0 h 0
µlh (L, M )

= ( 1)M B

µlh⇤
0 µ0 l 0 h 0

(L, M )

(A.6)

Again, this and the permutation identities for the 3j symbols lead to the general relation
given in Equation 4.22.
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APPENDIX B
MOLECULAR FRAME SYMMETRY ARGUMENTS

In the MF, for all inversion symmetric molecules with a horizontal mirror plane,

(✓e ,

e,

, ✓, ) = (⇡

This symmetry, with the relation that YLM (⇡
to the following relation between the

LM (✏,

✓e , ⇡

LM (✏,

e,

e)

(B.1)

, ✓, )

= ( 1)L

M

YL

M (✓e ,

e ),

leads

LM ’s,

, ✓, ) = ( 1)L

Substituting this, and the relation YL
ther determination that the

✓e , ⇡

M

M

L M (✏,

, ✓, ).

(B.2)

⇤
= ( 1)M YLM
in Equation 4.22, leads to the fur-

, ✓, ) must be real since (✓e ,

e,

, ✓, ) is necessarily

real.
Further, for molecules with inversion symmetry, inversion is equivalent to the rotation
!

+ ⇡, ✓ ! ⇡

✓ and

of an arbitrarily oriented molecule, followed by

!⇡

reflection of the through the molecular plane. The

LM (✏,

, ✓, ) must remain invariant

under this rotation. The Wigner rotation matrix elements in Equation 4.11 behave as
P
DR
q ( + ⇡, ⇡

✓, ⇡

) = ( 1)P

q

P
DR

q(

, ✓, ), leading to the following equation

for the CPLM
R (✏, q):
P +M
CPLM
R (✏, q) = ( 1)

q

CPLRM (✏,

q),

(B.3)

after taking Equation B.2 into account. For linearly polarized ionizing light, P = 0 or 2,
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and R = 0 lead to the identity
M
CPLM
0 (✏, q) = ( 1)

as given in Equation 4.24.
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q

CPL0 M (✏,

q),

(B.4)
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